In an active noise-reducing headrest with virtual microphones, the noise attenuation achieved at the ears of the listener usually decreases significantly as the head moves away from the central seat position. This paper presents a study on designing an active headrest with robust performance against head movement. To solve this problem, a minimax optimization problem is presented to design appropriate plant models for the system. Experiments are carried out on an active headrest system with the remote microphone technique. Experimental results show that the proposed method can extend the lateral head movement range from 2 cm to about 6 cm, within which the active headrest provides noise attenuation of greater than 10 dB for both ears of the listener, and thus improve the performance robustness of the active headrest system.
virtual microphones result in significant performance improvement compared to conventional active headrest systems [5] [6] [7] . The noise attenuation achieved at the ears in such a system, however, may decrease significantly even as the head moves a small distance from the central seat position [6, 7] . To overcome this problem, moving virtual microphone techniques can be used to improve the system performance robustness [43] [44] [45] [46] [47] . Active headrest systems with moving virtual microphones can effectively estimate and eliminate the noise at the ears with the knowledge of the head position information even as the head moves. These techniques, however, may suffer from high complexity since they usually require a head tracking system to obtain accurate head position information in real time, and the plant responses at certain spatially fixed positions have to be preliminarily measured and saved in the controller memory to estimate the virtual plant responses.
The objective of this paper is to design an active headrest system with robust performance against head movement and relatively low system complexity. Previous research has demonstrated that the performance of a virtual ANC system is affected by the estimation errors of the plant transfer functions [26] . To improve the performance robustness of the active headrest against head movement, which varies the virtual plant responses and induces residual noise at the ears, an optimization problem is presented to design appropriate plant models for the control system to minimize the residual noise at different head positions. An experimental active headrest is set up to control tonal disturbances. Results show that with two groups of designed virtual secondary path models, the range of lateral head movement, within which noise reduction of greater than 10 dB can be achieved at the ears, is considerably extended in the active headrest.
The rest of the paper is organized as follows. Section 2 presents a discussion on the performance of a virtual ANC system with RMT. Section 3 discusses the minimax optimization problem to design appropriate plant models for the headrest system. Section 4 presents experimental results obtained from a laboratory active headrest system with different virtual microphone techniques. Finally, conclusions are drawn in Section 5.
ANC WITH VIRTUAL MICROPHONE TECHNIQUE
Virtual microphone techniques are usually applied in local ANC to move the quiet zones from the physical microphones to near the ears [5] [6] [7] . Figure 1 presents the scheme of a local ANC system with a virtual microphone. The ANC system includes a controller, a secondary sound source, and an error microphone. The cancellation point, which might also be known as the virtual location, is usually near the ears of a listener. The error microphone is usually placed remote from the virtual location in order not to interfere with movements of the listener's head, and is called the 'physical microphone'. It is connected with the secondary source via a controller designed to attenuate the noise at the virtual location. Before the control stage, an additional microphone is temporarily placed at the virtual location, and both the plant transfer function between the physical microphone and the additional microphone in the primary sound field and the frequency responses from the secondary source to the microphones are measured. It is usually called the preliminary identification stage, after which the additional microphone is removed, and only a 'virtual microphone' exists at the virtual location. Among many virtual microphone techniques, RMT is usually adopted for its simplicity and low complexity. It is especially effective in deterministic tonal sound fields [25] [26] [27] [28] . Figure 2 presents the block diagram of a single channel filtered-x least mean square (FXLMS) algorithm with RMT which can be implemented in an active headrest with weak coupling effects between the transmission channels of the secondary sources. The weight vector w denotes the control filter coefficients; P px and P vx are z-domain transfer paths from the primary source to the physical microphone and the virtual microphone, respectively (the parameter z is omitted for simplicity, and also the same as below); S pu and S vu are transfer functions from the secondary source to the physical microphone and the virtual microphone, respectively, which are usually called the physical secondary path and the virtual secondary path for short;
and are the models of S pu and S vu , respectively; G is the transfer function between the physical microphone and the virtual microphone in the primary field, which can be identified at the preliminary stage by measuring the transfer function between the physical microphone and the additional physical microphone with the primary source on and the secondary source off;
is the model of G; x(n) denotes the reference signal, and xЈ(n) is the filtered version of x(n) by ; d p (n) and d v (n) are the disturbances arrived at the physical microphone and virtual microphone, with the estimations and , respectively; e v (n) is the residual noise left at the virtual microphone, and is the corresponding estimation. RMT is an extension of VMA, and has been thoroughly studied by Roure et al. [26] . It was shown that the estimation errors of the plant transfer functions in the identification stage may cause stability problems and induce residual noise at the virtual location in a virtual ANC system with RMT [26] .
Assuming that the disturbance noise is stationary, the convergence rate of the adaptive controller weight vector is slow, and the FXLMS algorithm is applied in the control system, the update equation can be written as ,
where m is the convergence step size; * denotes the complex conjugate operation; xЈ(n) is a vector of xЈ(n) [48] . The ANC system with RMT minimizes instead of e v (n). The update equation (1) can be expressed in the z domain as ,
where XЈ is the z-transform of xЈ(n), W is the z-transform of w, and 
where D p is the z-transform of d p (n). According to Roure et al. [26] , the system stability condition can be expressed in the z domain as .
If the estimated error signal could be completely eliminated or attenuated to a very small value, the residual noise left at the virtual location, e v (n), can be expressed as , (5) where E v is the z-transform of e v (n), D v is the z-transform of d v (n), and b r is denoted as the residual noise factor, given by .
Equation (6) shows that the level of the residual noise left at the virtual location is determined by mismatches between the plant models and the real plant responses. In an active headrest with virtual microphones, the plant responses measured when the dummy head is placed at the central seat position are usually used as the nominal plant models. Consequently, significant noise attenuation can be achieved at the ears when the listener's head is kept at the central seat position. If the head moves away from the central position, the real plant responses vary, and the noise attenuation achieved at the ears decreases. It is supposed that the larger distance the head moves away from the central position, the larger mismatches there might be between the plant models and the real plant responses, and thus the higher level of residual noise left at the ears. The performance of the active headrest might be seriously deteriorated by head movement.
ACTIVE HEADREST WITH ROBUST PERFORMANCE AGAINST HEAD MOVEMENT
It is proposed in this section to set up an active headrest with robust system performance against head movement by designing appropriate plant models for the control system. The noise reduction (NR) achieved at the ears can be written in decibels (dB) as ,
where d denotes the head position, ,
where G(d) is the plant response of G at the position d, and similarly, S pu (d) for S pu , S vu (d) for S vu , and , and are the corresponding plant models. It is expected that b r (d) can be kept small for different head positions with appropriate models of , and , and the overall performance robustness of the system can be improved.
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In order to set up the desirable active headrest system, the plant responses of G, S pu , and S vu at positions that spread over the whole head movement range are preliminarily measured, and a group of plant models are designed to minimize the residual noise at the different positions estimated from the measured plant responses. Therefore, a minimax optimization problem can be presented to design the plant models. The objective of the optimization problem is to minimize the maximum residual noise level at the different head positions, and it can be written in the infinite-norm form as , ( 9 ) where F denotes the maximum level of the residual noise left at the ears in the whole head movement range. The adaptive controller with the designed plant models should maintain certain constraints, e.g. constraints on system robust stability at different head positions, constraints on effective noise reduction at specific positions, etc. The system robust stability constraint can be written as ,
which is similar to that presented in equation (4). Since the central seat position is the most occupied position in the active headrest, the control system is usually required to be able to provide sufficient noise attenuation for the listener at the central position, and the corresponding constraint is given by (11) where d = 0 denotes the central seat position, and 10 dB is defined as the threshold of a sufficient noise reduction to create a zone of quiet for the listener in this work.
In very low frequency sound fields, the primary sound pressure received at the physical microphone location and the virtual microphone location can reasonably be assumed to be the same if they are closely located, and the plant response of G is approximately to be a certain value which is insensitive to head movement of the listener (not necessarily equal to 1 due to possible mismatches between responses of the microphones) [22] . In this case, the plant response of G measured at the central position can be used as the relevant plant model, and the performance objective function presented in equation (9) can be simplified as ,
If the physical microphone is placed remote from the virtual location, and head movement of the listener has negligible influence on the plant responses of the physical microphones, the performance objective function can be simplified as .
Equations (9), (12) and (13) show that the noise attenuation achieved at the ears might largely depend on the variation of the virtual secondary path S vu , and in a practical optimization problem, the plant responses of S pu and G measured at the 
where and are models identified at the central seat position. Equation (14) is expressed in the H ∞ form. The H ∞ control theory reveals physical insights into the perturbations and uncertainties of the system, and has been previously used to design controllers in several ANC applications [49, 50] . The optimization problem described here, however, is not a standard H ∞ problem since the weighting functions in the objective functions are based on experimental data and nonlinear constraints are implemented. It might be difficult to find the optimal solution. Yet, one would be content to find a possibly suboptimal solution. With this regard, the Matlab function fminimax can be used [51] . The function fminimax internally reformulates the minimax problem into an equivalent mixed nonlinear-linear programming problem by appending additional (reformulation) constraints, and uses a sequential quadratic programming (SQP) method to solve this problem [52, 53] . Thus, it would be suitable for the problem described in this work. Other algorithms such as genetic algorithm (GA) could also be used [54, 55] , but this is left for future discussion.
The optimization problem as shown in equation (14) is presented in the frequency domain. By solving the optimization problem, optimized responses of at the frequencies of interest can be obtained, and a finite impulse response (FIR) filter or an infinite impulse response (IIR) filter with the same responses at the frequencies of interest can be designed for real time implementation. It can be applied in tonal sound fields where no causal constraint has to be met. Figure 3 shows a flow diagram of how to estimate the optimized virtual secondary path models for the control system. First, a preliminary identification stage is required to measure the plant responses at different positions offline. Second, parameters to be optimized are selected, and the corresponding objective functions and constraints are obtained. Third, with the relevant objective functions and constraints, optimized responses of the plant models at the frequencies of interest can be obtained by solving the optimization problem using the Matlab optimization tools, or the GA, etc. Finally, FIR or IIR filters with the same responses at the frequencies of interest are designed for real time implementation, and the desirable virtual ANC system could be set up with the designed filters.
From the acoustical point of view, the design objective described in equation (14) is similar to that of finding a location for the virtual microphone which is remote from the ears but can extend the quiet zone to the ears when the head is at the central seat position. The optimization algorithm is to find the possible virtual microphone location to minimize the maximum residual noise achieved at different head
Active Headrest with Robust Performance Against Head Movement positions. Therefore, it can be inferred that if the listener moves laterally in the headrest system, two groups of designed plant models may be required for corresponding head movement directions. The size of the quiet zone created around the cancellation point at one side is usually too limited to extend to the other side.
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EXPERIMENTS
Experiments were carried out to set up an active headrest system with robust performance against head movement. In practical situations, it is natural for the listener to move either laterally or back and forth in the headrest system, which decreases the system performance. In this section, the lateral head movement problem is taken as an example to show the validity of the proposed method. Lateral head movement is very common in practical situations since the listener seated in the headrest usually does not place his/her head exactly at the central position but at the left part or the right part of the headrest system. Therefore, it is desirable to set up an active headrest with robust performance against lateral head movement. The same idea can also be used to solve the back and forth head movement problem, but the results are not listed in this paper due to space limitations.
Experimental setup
The experiments were carried out in an ordinary room with the reverberation distance smaller than 2 m, and the reverberation time about 1.5 s in the frequency band between 125 Hz and 630 Hz. The active headrest system, as illustrated in Figure 4 , includes a controller, two loudspeakers, and two microphones. The loudspeakers were placed at the two sides towards the ears of the listener, serving as secondary sound sources to control the noise at the ears of the listener. They were fixed outside the headrest system rather than in the system itself for space saving considerations. The centres of the two loudspeakers were both at a height of about 1.2 m above the ground. The two microphones were placed near the secondary sources to serve as physical microphones. A 4100 type B&K acoustic test fixture (ATF) manikin was placed at the central position of the headrest system to stand for the listener seated in it, with both ears at a height of about 1.2 m above the ground. The dummy head could move 10 centimetres (cm) laterally in both the right side and the left side of the headrest system. In the preliminary identification stage, two additional microphones were temporally placed at the entrances of the ear canals of the manikin to measure the plant responses. Both the frequency responses from the secondary sources to the microphones and the primary transfer functions between the physical microphones and the additional microphones were measured in the identification stage, after which the additional microphones were removed, only 'virtual microphones' existed at the ears, and the noise at the ears was measured by the miniature microphones fixed at the ear canals of the manikin. In both the simulations and the experiments, an additional loudspeaker was placed in the corner of the room, remote from the active headrest system, to serve as the primary sound source. Figure 5 presents the schematic of the experimental active headrest, where the dashed lines denote possible head movement.
In the experiments, the coupling effects between the secondary sources were assumed to be very weak, and single-in-single-out (SISO) controllers were implemented for ANC of both ears [5] . The primary sound field was excited by deterministic tonal signals. Therefore, single-channel feedforward (or feedback) FXLMS algorithm with RMT, as shown in Figure 2 , was implemented on a digital signal processing (DSP) board to carry out the experiments. The DSP board used was based on a TMS320C6713 processor, and integrated the signal conditioning circuits, the anti-aliasing filters and the reconstruction filters in it. The sampling frequency of the control system was 4 kHz, while the anti-alias filters were cut off at 1 kHz.
Results
Tonal noise widely exists in both daily life and industry [56, 57] . In this work, both the simulations and the experiments were carried out in a low frequency multi-tone sound field with the tone frequencies of 100, 200, 250 and 450 Hz, and white Gaussian background noise with the local signal-to-noise-ratio (SNR) larger than 40 dB [58] . For comparison purposes, experiments were carried out both on the robust active headrest with the designed plant models and the conventional active headrest with the plant models identified at the central seat position. Although there were two secondary sources in the active headrest system, the coupling effects between the transmission channels were not considered in the plant model design stage for the robust active headrest system. ANC experiments were first separately carried out on either ear, and later simultaneously on both ears. It was found that the results obtained at the two ears for separate ANC were quite similar. Therefore, only results obtained at the left ear are presented for separate ANC. As for simultaneous ANC of both ears, the results achieved at both ears are presented to show the overall performances of the active headrests.
Plant responses
To design appropriate virtual secondary path models for the control system, the plant responses of the headrest system, G, S pu , and S vu , at 11 different head positions that spread over the whole lateral head movement range were measured in the preliminary stage by using the LMS algorithm. The secondary paths, S pu and S vu , were identified by exciting the secondary sources with white noise, while the primary transfer functions, G, were identified by measuring the transfer functions between the physical microphone and the microphone temporarily placed at the virtual location with the primary source on and the secondary sources off. The plant responses were measured at the lateral head positions every 2 cm away from the central seat position. Figure 6 presents the frequency responses of the virtual secondary paths when the dummy head was placed at the central position of the headrest system. It is shown that the response of the cross path, which is due to the secondary source on the opposite side of the virtual microphone, was much smaller than that of the main path, which is due to the secondary source on the same side. As the head moves towards the secondary source on the same side, the cross effect becomes weaker. Therefore, the cross effects could be considerably ignored in practice and it is feasible to implement SISO controllers in the ANC system [5] . Figure 7 presents the plant responses at the frequencies of interest as a function of head position, where the negative abscissa denotes the left side head movement 
Experimental results
To design appropriate plant models to improve the performance robustness of the active headrest, the responses of G and S pu measured at the central seat position were used as the nominal models, and the model of S vu was to be designed according to the optimization problem described in equation (14) . Since the listener's head might move in either the right side or the left side, two virtual secondary path models were designed. Table 1 presents the responses of the designed models of S vu at the frequencies of interest, which were later used to design two FIR filters with the same responses at the frequencies for real time implementation. The initial model of S vu was established for the most occupied position. In this work, the central seat position was mostly occupied, and the average of the two designed models of S vu was used as the initial path model. If the head moved away from the central position, the robust active headrest system invoked the relevant plant models with the knowledge of the head movement direction, and it did not have to require accurate head position information. In practical applications, it would be a much easier task to obtain information of the head movement direction than accurate head position information in real time, which is often the case in an active headrest with moving virtual microphone techniques. Therefore, the system complexity will be much lower in the robust active headrest in this work than that in the active headrest system with moving virtual microphone techniques. Figure 8 presents variations of the phase error which were calculated according to equation (4) as a function of head position for systems with different plant models. For simplicity, the plant models identified at the central seat position are called the nominal plant models. It is shown that both the active headrest system with nominal plant models and that with the designed plant models were stable in the whole head movement range since the stability conditions as shown in equation (4) were well maintained.
ANC experiments were first separately carried out on either ear. It was assumed that, the head movement direction information could be obtained when the head moved 2 cm away from the central position. Therefore, for the designed robust active headrest, there was a change in the model of S vu adopted in the control system as the head moved to the positions of ±2 cm. Figure 9 presents both the simulation results and experimental results of noise reduction achieved at the left ear as a function of lateral head position. In the simulations, the plant responses identified at the different head positions in the preliminary stage, as shown in Figure 7 , were used Active Headrest with Robust Performance Against Head Movement as the real plant responses, and ANC tests with different plant models were carried out to calculate the noise reduction achieved at certain positions. From Figure 9 it can be seen that, the simulation results and the experimental results fit very well, which indicates that the sound field varies a little during the experiments and RMT is suitable for the virtual ANC system in this work. Compared with the conventional system, where the plant models are identified at the central position, in the active headrest with the designed virtual secondary path models, the proposed system provides noise reduction of greater than 10 dB for the ears in a much larger lateral head movement range with the knowledge of the head movement direction. Consider the results obtained at 250 Hz frequency for example, for left side head movement, the robust active headrest system with the designed virtual secondary path models extended the 10 dB noise attenuation range from 4 cm to 8 cm compared with active headrest with the nominal plant models. As for the right side head movement, the 10 dB noise attenuation range was extended from 4 cm to 10 cm. Although noise attenuation achieved at the central position in the robust active headrest system with the designed plant models was a little smaller than that achieved in the conventional active headrest system, it was still kept at about 20 dB, which is sufficient to provide zones of quiet for the listener.
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To provide a more complete comparison, a simple experiment was also carried out on an active headrest system with moving RMT. In the experiment, the 11 groups of plant models identified in the preliminary identification stage were saved to estimate the virtual plant responses when the head moves. It was assumed that accurate head position was accessible for the control system and the convergence speed of the ANC algorithm was fast enough to track the change of head position. The acquisition of accurate head position information may require the use of a 3-D head tracking system based on camera vision, or a head tracking system based on ultrasonic position sensing etc., but this is beyond the scope of this paper. In this paper, it was just assumed that the head position information was available for the control system in real time. Figure 10 presents the noise attenuation achieved at the left ear with the moving RMT. It is shown that with the moving RMT, the noise attenuation achieved at the ear could be kept at a high level in the whole head movement range, and the system performance could be significantly improved. Table 2 gives a comparison between the system complexities of single-channel active headrests with different virtual microphone techniques. It is noted that a much larger number of plant models have to be saved in the memory for the moving virtual microphone technique compared with that for the conventional virtual microphone technique. The moving virtual microphone technique further required an additional head tracking system, and the system complexity significantly increased with this technique. On the contrary, the proposed virtual microphone technique only required one more plant model to be saved in the memory compared with the conventional virtual microphone technique. Since it is also an easy task to obtain the head movement direction information, it can be concluded that, this technique does not increase the system complexity too much. Therefore, the proposed method would be a good alternative to the moving virtual microphone technique which may be limited in practical applications due to the high system complexity.
The designed virtual secondary path models were later adopted in the twochannel active headrest system. In this work, two single-channel controllers were designed and implemented in the headrest system. The coupling effects between the secondary sources which were ignored in the plant model design stage, however, may affect the control performance. Figures 11 and 12 present experimental results of the noise attenuation achieved at both ears when two single channel ANC controllers worked simultaneously for both ears. From the curves presented it can be found that, although the coupling effects between the secondary sources affect the control performance, the range of lateral head movement, within which the headrest system provides noise attenuation of greater than 10 dB for both ears, was significantly extended when the designed virtual secondary path models were adopted. Also considering the results obtained at 250 Hz frequency for example, in this study, the lateral head movement should be restricted in the range of -2˜2 cm to provide 10 dB noise attenuation at 250 Hz frequency for both ears in the conventional active headrest. In the active headrest with the designed plant models, however, the limited 10 dB noise attenuation range was extended to about -6~6 cm. Therefore, a significant improvement on performance robustness was achieved. Similar results can also be obtained at other frequencies.
The results show that the designed virtual secondary path models can help to set up an active headrest with robust performance against lateral head movement. Figures 11 and 12 also show that, the results obtained in simultaneous ANC of both ears with single-channel systems were different from the results obtained separate ANC of either ear due to the coupling effects between the two channels. In a more complicated case, the cross coupling effects should be taken into account for designing the plant models, and multi-channel control systems should be designed to improve the system performance in future work.
CONCLUSION
In this paper, it has been proposed to improve the performance robustness of an active headrest against head movement by designing appropriate plant models for the control system. An active headrest with robust performance against lateral head movement has been set up. It has been found that with two designed virtual secondary path models, the active headrest can provide noise attenuation of greater than 10 dB for both ears in a much larger lateral head movement range, and thus improve the system performance robustness. The proposed method is currently validated with SISO controllers. In many practical active headrest system, the cross effects between the secondary sources have to be considered, and multi-channel controllers should be introduced to achieve better performance as well as high system stability. Therefore, in future work, the cross coupling effects should be taken into account in the plant model design stage, and more complicated cases should be considered. 
